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ISOPERIMETRY, SCALAR CURVATURE, AND MASS IN
ASYMPTOTICALLY FLAT RIEMANNIAN 3-MANIFOLDS
OTIS CHODOSH, MICHAEL EICHMAIR, YUGUANG SHI, AND HAOBIN YU
Abstract. Let (M, g) be an asymptotically flat Riemannian 3-manifold with non-negative scalar
curvature and positive mass. We show that each leaf of the canonical foliation through stable
constant mean curvature surfaces of the end of (M, g) is uniquely isoperimetric for the volume it
encloses.
1. Introduction
A complete Riemannian 3-manifold (M,g) is said to be asymptotically flat if there is a compact
subset K ⊂M and a diffeomorphism
M \K ∼= {x ∈ R3 : |x| > 1/2}(1)
with
gij = δij + σij where |x||α||(∂ασij)(x)| = O(|x|−τ ) as |x| → ∞(2)
for some τ > 1/2 and all multi-indices α with |α| = 0, 1, 2, 3. We also require that the scalar
curvature of (M,g) is integrable. Moreover, the boundary of M , if non-empty, is minimal, and
there are no closed minimal surfaces in the interior of M . Given ρ > 1, we use Sρ to denote the
surface in M that corresponds to the centered coordinate sphere {x ∈ R3 : |x| = ρ} in the chart at
infinity (1). We let Bρ denote the bounded open region in M that is enclosed by Sρ.
The ADM-mass (after R. Arnowitt, S. Deser, and C. W. Misner [1]) of such an asymptotically
flat manifold (M,g) is given by
mADM = lim
ρ→∞
1
16πρ
∫
{|x|=ρ}
3∑
i,j=1
(∂igij − ∂jgii)xj .
It is independent of the particular choice of chart at infinity (1) by work of R. Bartnik [2]. The
fundamental positive mass theorem, proven first by R. Schoen and S.-T. Yau [38] using minimal
surface techniques and then by E. Witten [43] using spinors, asserts that for (M,g) asymptotically
flat with non-negative scalar curvature, mADM ≥ 0 with equality only when (M,g) is flat Euclidean
space.
Let V > 0. Consider
RV = {Ω : Ω ⊂M is a compact region with ∂M ⊂ ∂Ω and vol(Ω) = V }(3)
and let
A(V ) = − area(∂M) + inf{area(∂Ω) : Ω ∈ RV }.(4)
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When the scalar curvature of (M,g) is non-negative, then a result of Y. Shi [39] combined with an
observation in Appendix K of [8] shows that there is a region ΩV ∈ RV that achieves the infimum
in (4). The proof that such isoperimetric regions exist in (M,g) is indirect and offers no real clue
as to the position of these regions. The main result of this paper is to show that if (M,g) is not
Euclidean space and provided that the volume V > 0 is sufficiently large, then ΩV is bounded
by the horizon ∂M and a stable constant mean curvature surface that belongs to the canonical
foliation of the end of M . In particular, the solution of the isoperimetric problem in (M,g) for
large volumes is unique.
Theorem 1.1. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat at rate
τ > 1/2 and which has non-negative scalar curvature and positive mass. There is V0 > 0 with the
following property. Let V ≥ V0. There is a unique region ΩV ∈ RV such that
area(∂ΩV ) ≤ area(∂Ω)
for all Ω ∈ RV . The boundary of ΩV consists of ∂M and a leaf of the canonical foliation of the
end of M .
Theorem 1.1 shows that non-negative scalar curvature, the large scale isoperimetric structure,
and — in view of the results in Appendix C — the positive mass theorem are fundamentally related.
We recall here that the isoperimetric deficit of a small geodesic ball reflects the sign of the scalar
curvature at the center of the ball: less area is needed to enclose a given small amount of volume
if the scalar curvature is larger; see [33] and the references therein.
The uniqueness of solutions to the isoperimetric problem for large volumes in Theorem 1.1
is in strong contrast to the non-uniqueness of large stable constant mean curvature surfaces in
asymptotically flat manifolds exhibited by the following example constructed by A. Carlotto and
R. Schoen in [9].
Example 1.2 ([9]). There is an asymptotically flat Riemannian metric g = gij dx
i ⊗ dxj on R3
with non-negative scalar curvature and positive mass and such that gij = δij on R
2 × (0,∞).
We emphasize that the examples constructed in [9] are asymptotially flat of rate τ < 1.
The special case of Theorem 1.1 where (M,g) is also C0-asymptotic to Schwarzschild with
positive mass, i.e. where in addition
gij =
(
1 +
m
2|x|
)4
δij +O(|x|−1−α) as |x| → ∞(5)
in the chart (1) for some m > 0 and α > 0 was proven by M. Eichmair and J. Metzger in [16] using
a completely different technique than the approach developed here, building on an ingenious idea of
H. Bray [5].1 They have extended this result to higher-dimensional asymptotically flat Riemannian
manifolds in [17]. These results in [5, 16, 17] make no assumption on the scalar curvature.
The analogous question is largely open in the asymptotically hyperbolic setting. O. Chodosh
[11] has shown that large isoperimetric surfaces are centered coordinate spheres in the special case
1The expansion (5) is required to hold up to and including second derivatives in [16]. Owing to the work on the
canonical foliaton by C. Nerz [34], this requirement can be weakened as stated above.
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where the metric is exactly isometric to Schwarzschild-anti-de Sitter outside of a compact set; cf.
[5]. We also mention the work of J. Corvino, A. Gerek, M. Greenberg and B. Krummel [13] on
exact Schwarzschild-anti-de Sitter preceding [11], and the subsequent work of D. Ji, Y. Shi, and B.
Zhu [30] in this direction.
In the proof of Theorem 1.1 we use results on the canonical foliation through stable constant mean
curvature surfaces of the end of asymptotically flat manifolds with positive mass. We summarize
from the literature what is needed here in Appendix A, deferring the reader to [22, 34, 31] for the
strongest available results. We mention that this rich field departs from the celebrated results of G.
Huisken and S.-T. Yau [26] and J. Qing and G. Tian [36] for data with Schwarzschild asymptotics
(5). The uniqueness question for large stable constant mean curvature surfaces in asymptotically
flat 3-manifolds with non-negative scalar curvature that intersect the center of (M,g) has been
developed in [15, 7, 8]. The optimal result one can expect here has been given by A. Carlotto, O.
Chodosh, and M. Eichmair in [8]:
Theorem 1.3 ([8]). Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat with
non-negative scalar curvature. Assume that (M,g) contains no properly embedded totally geodesic
flat planes along which the ambient scalar curvature vanishes. Let C ⊂ M be compact. There is
α = α(C) > 0 so that every connected closed stable constant mean curvature surface Σ ⊂ M with
area(Σ) ≥ α is disjoint from C.
We also mention in this context the delicate relationship between far outlying stable constant
mean curvature spheres and the role of scalar curvature discovered in the work of S. Brendle and M.
Eichmair [6]. The assumption on the non-existence of certain totally geodesic planes in Theorem
1.3 is satisfied when (M,g) is asymptotic to Schwarzschild with mass m > 0 to second order; cf.
the work of A. Carlotto [7] and Corollary 1.11 in [8]. We refer the reader to the introduction of [8]
for a recent survey of the literature on the stability based theory.
We now describe the proof of Theorem 1.1. We first recall that the Hawking mass of stable
constant mean curvature spheres in (maximal) initial data (M,g) for spacetimes satisfying the
dominant energy condition has been proposed by D. Christodoulou and S.-T. Yau [12] as a “quasi-
local” measure of the gravitational field of the spacetime. Now stable constant mean curvature
surfaces arise most naturally as boundaries of solutions to the isoperimetric problem. The role of
the isoperimetric defect from Euclidean space,
miso(Ω) =
2
area(∂Ω)
(
vol(Ω)− area(∂Ω)
3/2
6
√
π
)
,
of compact regions Ω ⊂M in the development of quasi-local mass has been proposed and demon-
strated by G. Huisken in e.g. [23, 24]. In particular, the ADM-mass of the initial data (and thus
the spacetime evolving from it) is encoded in the isoperimetric profile of (M,g). In fact,
mADM = lim
V→∞
2
A(V )
(
V − A(V )
3/2
6
√
π
)
,
as we discuss in Appendix C. In particular, the isoperimetric defect miso(ΩV ) of isoperimetric
regions ΩV of large volume V > 0 must be close to mADM . Now, as we recall in Section 3, large
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isoperimetric regions ΩV in (M,g) look like Euclidean unit balls B1(ξ) ⊂ R3 with center at ξ ∈ R3
when scaled by their volume in the chart at infinity (1). When |ξ| > 1, we can use a delicate
integration by parts inspired by the work of X.-Q. Fan, P. Miao, Y. Shi, and L.-F. Tam in [18] to
relate the isoperimetric defect of ΩV to the “mass integral” of its boundary. Using that the scalar
curvature is integrable, one sees that the isoperimetric defect of such a region is close to zero rather
than mADM — a contradiction.
When |ξ| = 1, the argument becomes much harder. First, we use the recent solution of a
conjecture of R. Schoen due to O. Chodosh and M. Eichmair (discussed here at the beginning of
Section 3) to ensure that either ΩV encloses the center of the manifold or that the unique large
component Ω∞V of ΩV is far from the center of the manifold, with the distance diverging as V →∞.
In the latter case, assuming also the boundary Ω∞V is a topological sphere, we combine the Hawking
mass estimate due to D. Christodoulou and S.-T. Yau [12] with the monotonicity of the Hawking
mass towards mADM proven by G. Huisken and T. Ilmanen [25] to obtain strong analytic estimates
for ∂Ω∞V . These estimates allow us to compare the isoperimetric deficit of Ω
∞
V with that of a large
outlying coordinate sphere to conclude as before that it is too Euclidean. To handle the case where
∂Ω∞V has the topology of a torus or where ΩV includes the center of (M,g), we combine a careful
analysis of the Hawking mass of such surfaces with information about the canonical foliation. The
case where |ξ| < 1 is covered by the uniqueness of the leaves of the canonical foliation. This is
carried out in Sections 4–7.
The proof of Theorem 1.1 sketched above only works when we impose the stronger decay assump-
tions (53), (54) on (M,g). (Incidentally, the decay assumptions stated in Theorem 1.1 are those
of the positive mass theorem.) We obtain Theorem 1.1 in the stated generality from a completely
different line of argument that we develop in Section 8.
In this argument, we study the mean curvature flow of large isoperimetric surfaces. We prove
that, upon appropriate rescaling, the flow of such large isoperimetric surfaces converges to the
Euclidean flow {S√1−4t(ξ)}t∈[0,1/4) of S1(ξ) in R3. When ξ 6= 0, part of this flow will be in a
shell-like region that avoids the center of the manifold. Using a computation similar to one due
to G. Huisken and T. Ilmanen in [25], we show that the Hawking mass of the surfaces forming
that shell is close to zero. Using this, we apply the monotonicity of the “isoperimetric defect from
Schwarzschild” discovered by G. Huisken and developed for weak mean curvature flow by J. Jauregui
and D. Lee in [29] in two steps to obtain a contradiction. First, we compare with Schwarzschild
of mass mADM until the time when the surfaces have jumped across the center of (M,g). Then,
we compare with Schwarzschild of mass o(1)mADM until the surfaces have all but disappeared. In
this argument we only need a very weak characterization of the leaves of the canonical foliation as
being unique among stable constant mean curvature spheres in (M,g).
The argument using mean curvature flow is effective, in that it leads to an explicit estimate on the
isoperimetric deficit of large outward area-minimizing regions that are close to balls B1(ξ) when put
on the scale of their volume. On the other hand, the analytic argument described above is likely to
yield further information about stable constant mean curvature spheres and could also potentially
apply to the study of large isoperimetric regions in asymptotically hyperbolic 3-manifolds, where
it is not possible to appeal to scaling.
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2. Tools
Estimate (7) below is due to D. Christodoulou and S.-T. Yau [12]. A variation of their argument
as in Theorem 12 of [37] due to A. Ros gives estimate (6).
Lemma 2.1. Let Σ ⊂ M be a connected closed stable constant mean curvature surface in a Rie-
mannian 3-manifold (M,g). Then
H2 area(Σ) +
2
3
∫
Σ
(R+ |˚h|2)dµ ≤ 64π
3
.(6)
When Σ is a sphere, then
H2 area(Σ) +
2
3
∫
Σ
(R+ |˚h|2)dµ ≤ 16π.(7)
Here, R denotes the ambient scalar curvature and H and h˚ denote, respectively, the constant scalar
mean curvature and the trace-free part of the second fundamental form of Σ with respect to a choice
of unit normal, and dµ is the area element of Σ with respect to the induced metric.
The elementary fact stated in the lemma below follows from an explicit “cut and paste” argument
by comparison with balls Bρ for ρ > 1 large.
Lemma 2.2. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat. There
is a constant c > 0 depending only on (M,g) such that, for every isoperimetric region Ω ⊂M ,
area(Bρ ∩ ∂Ω) ≤ cρ2
for all ρ > 1.
The following lemma is a standard consequence of the “layer-cake representation” of a function.
Lemma 2.3. Let (M,g) be an asymptotically flat 3-manifold. Let Σ ⊂ M \K be a surface such
that, for some c > 0,
area(Bρ ∩ Σ) ≤ cρ2
for all ρ > 1. Then, for α > 0 and 1 < σ ≤ ρ,∫
Σ∩(Bρ\Bσ)
|x|−αdµ ≤ area(Σ ∩ (Bρ \Bσ))
ρα
+ c α
∫ ρ
σ
t1−α dt.
For the statement of the next lemma, recall from Section 4 in [25] that M is diffeomorphic to the
complement in R3 of a finite union of open balls with disjoint closures. Fix a complete Riemannian
6 OTIS CHODOSH, MICHAEL EICHMAIR, YUGUANG SHI, AND HAOBIN YU
manifold (Mˆ , gˆ) with Mˆ ∼= R3 that contains (M,g) isometrically. We think of M as being included
in Mˆ below.
Lemma 2.4 ([25, Section 6]). Let (M,g) be a complete Riemannian 3-manifold that is asymp-
totically flat with non-negative scalar-curvature. Let Σ ⊂ M be a connected closed surface that is
outward area-minimizing in (Mˆ, gˆ). Then√
area(Σ)
16π
(
1− 1
16π
∫
Σ
H2dµ
)
≤ mADM .(8)
3. Divergent sequences of isoperimetric regions
The following result due to O. Chodosh and M. Eichmair is included as Corollary 1.13 in [8]. It
is a consequence of the solution of the following conjecture of R. Schoen: The only asymptotically
flat Riemannian 3-manifold with non-negative scalar curvature that admits a non-compact area-
minimizing boundary is flat Euclidean space.
Lemma 3.1. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat with non-
negative scalar curvature and positive mass. Let U ⊂ M be a bounded open subset that contains
the boundary of M . There is V0 > 0 so that for every isoperimetric region ΩV of volume V ≥ V0,
either U ⊂ ΩV or U ∩ ΩV is a thin smooth region that is bounded by the components of ∂M and
nearby stable constant mean curvature surfaces.
The conclusion of the lemma clearly fails in Euclidean space. Under the additional assumption
that the scalar curvature of (M,g) is everywhere positive, this result was observed by M. Eichmair
and J. Metzger as Corollary 6.2 in [16]. Together with elementary observations on the number of
components of large isoperimetric regions as in Section 5 of [15] and the proof of Theorem 1.12 in [8],
we obtain the following dichotomy for sequences of isoperimetric regions with divergent volumes:
Lemma 3.2. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat with non-
negative scalar curvature and positive mass. Let ΩVk be an isoperimetric region of volume Vk where
Vk →∞. After passing to a subsequence, exactly one of the following alternatives occurs:
(a) Each ΩVk is connected, (∂ΩVk) \ ∂M is connected, and the sequence is increasing to M .
(b) Each ΩVk splits into unions of connected components Ω
res
Vk
and Ω∞Vk where the Ω
∞
Vk
are connected
with connected boundary and divergent in M as k → ∞, and where each ΩresVk is contained in
an εk-neighborhood of the boundary of M where εk → 0 as k →∞.
In particular, every isoperimetric region ΩV in (M,g) of sufficiently large volume V > 0 has
exactly one large connected component — either ΩV in alternative (a) or Ω
∞
V in alternative (b).
We include several additional observations — extracted from the proofs of Theorem 1.2 in [17]
and Theorem 1.12 in [8] — about the sequences in Lemma 3.2. Let
Ω˜Vk ⊂ {x ∈ R3 : λk|x| > 1/2}
be such that
ΩVk \K ∼= {λkx : x ∈ Ω˜Vk}
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where
λk =
3
√
(3Vk)/(4π).
Then, possibly after passing to a further subsequence,
Ω˜Vk → B1(ξ)
in C∞loc(R
3 \ {0}) for some ξ ∈ R3. In particular,
area(ΣVk) = 4πλ
2
k(1 + o(1))(9)
HΣVk = 2(1 + o(1))/λk(10)
as k →∞ where ΣVk = ∂ΩVk \ ∂M .
We will show in the proof of Theorem 1.1 that ξ = 0. In other words, alternative (b) in Lemma
3.2 never occurs.
In the statement of the following lemma, we use the notation of Lemma 2.4.
Lemma 3.3. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat with non-
negative scalar curvature. The outer boundary Σ = ∂Ω \ ∂M of the unique large component Ω of
a large isoperimetric region ΩV in (M,g) is connected and outward area-minimizing in (Mˆ , gˆ). In
particular, √
area(Σ)
16π
(
1− 1
16π
∫
Σ
H2dµ
)
≤ mADM .
Proof. We have already seen that Σ is connected. Let Ωˆ ⊂ Mˆ be the least area enclosure of Ω in
(Mˆ, gˆ). Recall from e.g. Theorem 1.3 in [25] that the boundary Σˆ of Ωˆ is C1,1 and smooth away
from the coincidence set Σˆ ∩Σ. Assume that Ωˆ 6= Ω. It follows that the volume of (M ∩ Ωˆ) ∪Ωres
is strictly larger than that of the isoperimetric region Ω ∪ Ωres so that by the monotonicity of the
isoperimetric profile of (M,g) its boundary area is less. A cut-and-paste argument using that the
area of Σˆ is less than that of Σ shows otherwise — a contradiction. 
4. Area and volume of large, outlying coordinate spheres
The computations in this section follow closely the ideas leading to Corollary 2.3 (stated here as
Lemma C.1) in [18].
Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat at rate τ = 1.
We abbreviate
ni(x) =
xi − ai
|x− a|
throughout. Unless we indicate otherwise, integration is with respect to the Euclidean background
metric in the chart at infinity (1).
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Lemma 4.1. Let ρ > 0 and a ∈ R3 with |a| − ρ > 1. Consider a Euclidean coordinate sphere
Sρ(a) = {x ∈ R3 : |x− a| = ρ}. Then
3∑
i,j=1
∫
Sρ(a)
(∂iσij − ∂jσii)nj = O
(
1
|a| − ρ
)
.(11)
Proof. The decay assumptions for the metric in the chart at infinity imply that
R =
3∑
i,j=1
(∂i∂jgij − ∂j∂jgii) +O(|x|−4).
Then ∫
Bρ(a)
R =
3∑
i,j=1
∫
Bρ(a)
(∂i∂jgij − ∂j∂jgii) +O
∫
Bρ(a)
1
|x|4
=
3∑
i,j=1
∫
Sρ(a)
(∂iσij − ∂jσii)nj +O
∫
Bρ(a)
1
|x|4
where integration is with respect to the Euclidean background metric. Now∫
Bρ(a)
1
|x|4 = O
∫
{x∈R3:|x|≥|a|−ρ}
1
|x|4 = O
(
1
|a| − ρ
)
.

Proposition 4.2. We have that
area(Sρ(a)) = 4πρ
2 +
1
2
∫
Sρ(a)
(δij − ninj)σij + o(ρ)(12)
vol(Bρ(a)) =
4πρ3
3
+
ρ
4
∫
Sρ(a)
(δij − ninj)σij + o(ρ2)(13)
as ρ→∞ and |a| − ρ→∞.
Proof. Let t ∈ [1, ρ]. Note that
area(St(a)) = 4πt
2 +
1
2
∫
St(a)
(δij − ninj)σij +O
∫
St(a)
1
|x|2 .(14)
Indeed, the area element with respect to the induced metric is given by
dµ =
(
1 +
1
2
(δij − ninj)σij +O(|x|−2)
)
dµ.
Now ∫
St(a)
1
|x|2 =
∫ 2π
0
∫ π
0
t2 sinφ
|a|2 + t2 − 2|a|t cosφdφdθ =
πt
|a| log
( |a|+ t
|a| − t
)
= o(t),(15)
giving (12). Differentiating (14), we obtain that
∂t area(St(a)) =8πt+
1
2
∫
St(a)
nk∂k((δ
ij − ninj)σij) + 1
t
∫
St(a)
(δij − ninj)
+O
∫
St(a)
|x|−3 + 1
t
O
∫
St(a)
|x|−2.
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Using that
nk∂kn
i = 0
for all i = 1, 2, 3, we obtain that
∂t area(St(a)) =8πt+
1
2
∫
St(a)
nk(δij − ninj)∂kσij + 1
t
∫
St(a)
(δij − ninj)σij
+O
∫
St(a)
1
|x|3 +
1
t
O
∫
St(a)
1
|x|2 .
Observe that∫
St(a)
ninjnk∂kσij =
∫
St(a)
nink∂k(n
jσij)
=−
∫
St(a)
(δik − nink)∂k(njσij) +
∫
St(a)
δik∂k(n
jσij)
=− 2
t
∫
St(a)
ninjσij +
∫
St(a)
δiknj∂kσij +
1
t
∫
St(a)
(δij − ninj)σij
=− 2
t
∫
St(a)
ninjσij +
∫
St(a)
δiknj∂kσij +
1
t
∫
St(a)
(δij − ninj)σij
where we have used the first variation formula in the second equality. The last two equalities
combine to give that
∂t area(St(a)) =8πt+
1
2
∫
St(a)
δiknj(∂jσik − ∂iσkj) + 1
t
∫
St(a)
ninjσij(16)
+
1
2t
∫
St(a)
(δij − ninj)σij + 1
t
O
∫
St(a)
1
|x|2 +O
∫
St(a)
1
|x|3 .
Substituting (14) into (16) and applying Lemma 4.1 gives that
∂t area(St(a)) =
area(St(a))
t
+ 4πt+
1
t
∫
St(a)
ninjσij +O
∫
St(a)
1
|x|3(17)
+
1
t
O
∫
St(a)
1
|x|2 + o(1).
Next we give an estimate of vol(Bt(a)). By the co-area formula,
∂t vol(Bt(a)) =
∫
St(a)
t dµ√
gij(xi − ai)(xj − aj)
(18)
= area(St(a)) +
1
2
∫
St(a)
ninjσij +O
∫
St(a)
1
|x|2
which in conjunction with (17) yields
∂t area(St(a)) =
area(St(a))
t
+ 4πt+
1
t
(
2∂t vol(Bt(a)) − 2 area(St(a))
)
(19)
+O
∫
St(a)
1
|x|3 +
1
t
O
∫
St(a)
1
|x|2 + o(1).
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It follows that
∂t(t area(St(a))) = 4πt
2 + 2∂t vol(Bt(a)) + tO
∫
St(a)
1
|x|3 +O
∫
St(a)
1
|x|2 + o(t).
Integrating from 1 to ρ yields
ρ area(Sρ(a)) =
4πρ3
3
+ 2vol(Bρ(a)) +O
∫ ρ
1
∫
St(a)
t
|x|3 dt+O
∫ ρ
1
∫
St(a)
1
|x|2 dt+ o(ρ
2).(20)
A direct computation shows ∫
St(a)
1
|x|3 =
2πt
|a|
(
1
|a| − t −
1
|a|+ t
)
so that ∫ ρ
1
∫
St(a)
t
|x|3 dt = o(ρ
2).(21)
Similarly, ∫ ρ
1
∫
St(a)
1
|x|2 dt = o(ρ
2).(22)
Substituting (21) and (22) into (20) gives (13). 
5. Isoperimetric deficit of large outlying isoperimetric spheres
Throughout this section, we consider a complete Riemannian 3-manifold (M,g) that is asymptot-
ically flat at rate τ = 1 and which has non-negative scalar curvature and positive mass mADM > 0.
We mention that the results in this section work for τ > 3/4. (This is the threshold for the proof
of the key estimate (34).) As a step in the proof of Theorem 1.1, the argument here needs the
full strength of the results by S. Ma in [31], which require that τ = 1. This is why we restrict the
exposition to this case.
We consider isoperimetric regions ΩV = Ω
res ∪ Ω where Ωres is contained in a small neighbour-
hood of the horizon and Ω ∩ Bρ0 = ∅ for some ρ0 > 1. We assume throughout that the volume
V > 0 is large. We know from Section 3 that the boundary Σ = ∂Ω is connected and outward
area-minimizing in the sense of Lemma 2.4. We may assume that ρ0 > 1 is large. All the error
terms in this section are with respect to volume V →∞.
We assume throughout this section that Σ has the topology of a sphere.
Let r > 0 denote the area radius
area(Σ) = 4πr2
of Σ. We use H > 0 to denote the mean curvature of Σ.
Using (7) and Lemma 3.3, we find
r
∫
Σ
|˚h|2dµ ≤ 48πmADM(23)
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and
2
√
1− 2mADM/r ≤ rH ≤ 2.
From this, we see
|H − 2/r| = O(r−2);(24)
cf. [11, p. 425]. In conjunction with the results stated in Appendix E, with τ = 1, we obtain∫
Σ
|˚h|2gdµ = O
(∫
Σ
|˚h|2gdµ+
∫
Σ
|h|2g|x|−2dµ +
∫
Σ
|x|−4dµ
)
(25)
= O
(
r−1 + ρ−20
)
.
We next recall a consequence of J. Simons’ identity for the trace-free part of the second funda-
mental form.
Lemma 5.1 (Cf. Corollary 5.3 in [17]). There is a constant c > 0 with the following property.
Consider in a Riemannian manifold a two-sided hypersurface with constant mean curvature H and
trace-free second fundamental form h˚. Then
2|˚h|3 +∆|˚h| ≥ −c(H |˚h|2 +H|Rm|+ |˚h||Rm|+ |∇Rm|)(26)
holds weakly, where ∆ is the induced Laplace-Beltrami operator and where Rm,∇Rm are the ambi-
ent Riemannian curvature tensor and its first covariant derivative both restricted along the surface.
Proposition 5.2. There is a constant c > 0 depending only on (M,g) such that
|˚h(x)| ≤ c r−5/4(27)
for all x ∈ Σ such that 2|x| ≥ r3/4.
Proof. Assume that the assertion fails with c = k along a sequence of regions Ωk with area radius
rk → ∞ and at points xk ∈ Σk = ∂Ωk where r3/4k ≤ 2|xk|. We work in the chart at infinity
{x ∈ R3 : |x| > 1/2}. If we rescale by r−3/4k and pass to a subsequence, then the rescaled regions
converge in C2,αloc to a half-space in R
3 \ {0}. Upon further translation by the points r−3/4k xk we
find surfaces Σ˜k in B1/4(0) with 0 ∈ Σ˜k that are locally isoperimetric with respect to a metric g˜k
on B1/4(0) and such that
rk|˚˜hk(0)|2 ≥ k2 and rk
∫
Σ˜k
|˚˜hk|2dµ˜k ≤ 48πmADM .(28)
(The second estimate follows from (23), inclusion, and scaling invariance.) The surfaces Σ˜k con-
verges in C2,α to a plane through the origin in B1/4(0). The Riemannian metrics g˜k converge to
the Euclidean metric on B1/4(0) with
R˜mk = O(r
−3/4
k ) and ∇˜kR˜mk = O(r−3/4k ).
For large k, (26) and (28) are incompatible with the estimate in Theorem 8.15 in [20]. 
Using (24), (65), (66) and Proposition 5.2, we see that
H(x) = 2/r +O(r−3/2) and |˚h(x)| = O(r−5/4)
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for all points x ∈ Σ with 2|x| ≥ r3/4. In particular, the Euclidean principle curvatures κi(x) of Σ
satisfy
κi(x) = 1/r +O(r
−5/4)(29)
for 2|x| ≥ r3/4, where i = 1, 2. Using the Gauss-Weingarten relations, we conclude that
|∇(ν − x/r)| = O(r−5/4)(30)
on Σ \Br3/4/2.
Let Σ′ be a connected component of Σ \Br3/4 .
Lemma 5.3. There is a ∈ R3 with |a| > r + r3/4 such that∣∣∣∣ν(x)− x− ar
∣∣∣∣ = O(r−1/4)(31)
for all x ∈ Σ′.
Proof. We first show that the diameter of Σ′ is O(r). We only need to consider the case where
{x ∈ Σ : r3/4/2 ≤ |x| ≤ r3/4} is non-empty. Using the co-area formula and the quadratic area
growth of isoperimetric surfaces, we see that∫ r3/4
r3/4/2
H1({x ∈ Σ : |x| = σ}) dσ = O(r3/2).
We can choose a regular value σ with r3/4/2 ≤ σ ≤ r3/4 such that the curve {x ∈ Σ : |x| = σ}
has length O(r3/4). A standard variation of the argument leading to the Bonnet-Myers diameter
estimate shows that any two points p, q ∈ Σ′ are connected by a curve in Σ′ whose length is O(r).
By integrating (30) along such curves, we see that there is a ∈ R3 so that (31) holds. Assume now
that |a| ≤ r + r3/4. It follows that there is x0 ∈ Σ′ with |x0| = r3/4. Using (31), it follows that
|a| ≥ |a− x0| − |x0| ≥ r − c r3/4
where c > 0 is independent of Σ. Replacing a by
a′ = (1 + (C + 2)r−1/4)a
completes the proof 
Now by (29), there is an open subset Γ ⊂ S2 and u ∈ C∞(Γ) with
Σ′ = {a+ u(θ)θ : θ ∈ Γ}.
Let us assume for definiteness that a = |a|(0, 0, 1). We have the estimate
S
2 \ Γ ⊂ {(sinφ cos θ, sinφ sin θ, cosφ) : θ ∈ [0, 2π] and φ ∈ (π − 2r−1/4, π]}.(32)
We also remark that Γ = S2 when |a| > 2r.
ISOPERIMETRIC STRUCTURE 13
Let ν be the outward pointing unit normal and p the induced metric of Σ′ both computed with
respect to the Euclidean background metric. Then
ν(θ) =
u(θ)θ − (∇u)(θ)√
u(θ)2 + |(∇u)(θ)|2 pij(θ) = u(θ)
2ωij + (∂iu)(θ)(∂ju)(θ)
where the gradient and its length are both computed with respect to the standard metric ωij on
S
2 ⊂ R3 and where i, j are with respect to local coordinates on S2. It follows from (31) that
u = r +O(r3/4) and ∇u = O(r3/4).(33)
Note that it also follows that Σ \Br3/4 is connected (so Σ′ = Σ \Br3/4) since otherwise we would
contradict the Euclidean isoperimetric inequality.
Lemma 5.4. We have ∫
{a+rθ∈R3:θ∈S2\Γ}
1
|x| = o(r).(34)
Proof. We may assume that r + r3/4 < |a| < 2r. Using (32), we have that∫
{a+rθ:θ∈S2\Γ}
1
|x| = O
(∫ 2π
0
∫ π
π−2r− 14
r2 sinφdφdθ√|a|2 + r2 − 2|a|r cosφ
)
= o(r)
as claimed. 
Proposition 5.5. We have
area(Σ)− area(Σ) = area(Sr(a))− 4πr2 + o(r)(35)
vol(Ω)− vol(Ω) = vol(Br(a)) − 4πr
3
3
+ o(r2).(36)
Proof. Set Σ′′ = Σ− Σ′ = Σ ∩Br3/4 . Then
area(Σ) =area(Σ) +
1
2
∫
Σ
(δij − νiνj)σij +O
∫
Σ
1
|x|2(37)
=area(Σ) +
1
2
∫
Σ′
(δij − νiνj)σij +O
∫
Σ′′
1
|x| +O
∫
Σ
1
|x|2 .
It follows from Lemmas 2.2 and 2.3 that∫
Σ′
1
|x| = O(r)
∫
Σ′′
1
|x| = O(r
3/4)
∫
Σ
1
|x|2 = O(log r)
so that
area(Σ) = area(Σ) +
1
2
∫
Σ′
(δij − νiνj)σij + o(r).(38)
Now ∫
x∈Σ′
((δij − νiνj)σij)(x)(39)
=
∫
θ∈Γ
(
(δij − νiνj)σij
)
(a+ u(θ)θ)
area element︷ ︸︸ ︷
u(θ)
√
u(θ)2 + |(∇u)(θ)|2
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= r2
∫
θ∈Γ
(
(δij − νiνj)σij
)
(a+ u(θ)θ)(1 +O(r−1/4))
= O(r3/4) + r2
∫
θ∈Γ
(
(δij − νiνj)σij
)
(a+ u(θ)θ)
where we have used (33) in the second equality. On the other hand,∫
θ∈Γ
(
(δij − νiνj)σij
)
(a+ u(θ)θ) = o(r) +
∫
θ∈Γ
(δij − θiθj)σij(a+ rθ)
since ∫
θ∈Γ
(δij − νiνj)σij(a+ u(θ)θ)−
∫
θ∈Γ
(δij − θiθj)σij(a+ rθ)(40)
=r−1/4O
∫
θ∈Γ
1
|a+ rθ| + r
3/4O
∫
θ∈Γ
1
|a+ rθ|2 = O(r
3/4 log r) = o(r).
Substituting (39) and (40) into (38) gives
area(Σ) = area(Σ) +
r2
2
∫
θ∈Γ
(δij − θiθj)σij(a+ rθ) + o(r).(41)
A direct computation shows that
area(Sr(a)) =4πr
2 +
1
2
∫
Sr(a)
(δij − ninj)σij +O
∫
Sr(a)
1
|x|2
=4πr2 +
r2
2
∫
Γ
(δij − θiθj)σij(a+ rθ) +O
∫
Sr(a)−Γ
1
|x| + o(r).
=4πr2 +
r2
2
∫
Γ
(δij − θiθj)σij(a+ rθ) + o(r)(42)
where we have used (34) in the last equality. Combining (41) and (42) yields
area(Σ)− area(Σ) = area(Sr(a))− 4πr2 + o(r).
To give an estimate of vol(Ω), we assume for definiteness that a = |a|(0, 0, 1) where |a| > r. Set
Ω′ = {x ∈ Ω : |x| < r3/4} and Ω′′ = {x ∈ Ω : |x| ≥ r3/4}.
Then
vol(Ω)− vol(Br(a))
=
∫
Ω
√
det(gij)−
∫
Br(a)
√
det(gij)
=vol(Ω)− vol(Br(a)) +O
∫
{x:r−cr3/4≤|x−a|≤r+cr3/4}
1
|x| +O
∫
{x∈Ω:|x|<r3/4}
1
|x|
=vol(Ω)− vol(Br(a)) + o(r2)
where we have used (33) in the third inequality. 
We arrive at the main results of this section, asserting that the isoperimetric deficit of large out-
lying isoperimetric spheres is very close to Euclidean. The strategy of the approximation argument
we have used here is illustrated in Figure 1.
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Σ
Br3/4
×
a
a+u(θ)θ
Figure 1. When the boundary Σ of the large component of an isoperimetric region
has genus zero, we show that Σ is very close to a sphere Sr(a) outside of Br3/4 ; note
that “×” represents the origin here. This allows us to approximate the isoperimetric
deficit of Σ by that of Sr(a). We show that in the scenario depicted here, the
isoperimetric deficit of Sr(a) (and thus of Σ) is too close to Euclidean.
Corollary 5.6. We have
2
area(Σ)
(
vol(Ω)− area(Σ)
3/2
6
√
π
)
≤ o(1).(43)
Proof. We abbreviate
z =
∫
Sr(a)
(δij − νiνj)σij .
Note that z = O(r) and that area(Σ) = 4πr2 + o(r2). Using Propositions 4.2 and 5.5 and also the
Euclidean isoperimetric inequality in the last step, we obtain that
vol(Ω)− area(Σ)
3/2
6
√
π
= vol(Ω) +
z r
4
− area(Σ)
3/2
6
√
π
(
1 +
z r
2area(Σ)
+ o
(
r
area(Σ)
))3/2
+ o(r2)
= vol(Ω)− area(Σ)
3/2
6
√
π
+ o(r2) ≤ o(r2).

The above arguments yield the following proposition.
Proposition 5.7. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat at
rate τ = 1 and which has non-negative scalar curvature and positive mass. There does not exist a
sequence {ΩVk}∞k=1 as in alternative (b) of Lemma 3.2 such that the boundary of the unique large
component of each ΩVk has the topology of a sphere.
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6. Hawking mass of outlying stable constant mean curvature tori
The barred quantities in the statement of the next lemma are with respect to the Euclidean
background metric in the chart at infinity (1), as in Appendix E.
Lemma 6.1. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat at rate
τ > 1/2. There are ρ0 > 1 and c > 0 depending only on (M,g) with the following property. Let
Σ ⊂M be a closed surface such that Bρ ∩ Σ = ∅ for some ρ ≥ ρ0. Then∣∣∣∣
∫
Σ
H2dµ−
∫
Σ
H
2
dµ
∣∣∣∣ ≤ cρ−τ
∫
Σ
|h|2dµ.
Recall that there is δ > 0 such that ∫
Σ
H
2
dµ ≥ 16π + δ
for every closed surface Σ ⊂ R3 of positive genus.2 In conjunction with Lemma 6.1 and (6), we
obtain the following result.
Proposition 6.2. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat and
which has non-negative scalar curvature. There is ρ0 > 1 with the following property. Let Σ ⊂ M
be a connected closed stable constant mean curvature surface of positive genus and mean curvature
H > 0. Then
H2 area(Σ) ≥ 16π.
provided that Σ ∩Bρ0 = ∅.
7. Proof of Theorem 1.1 assuming stronger decay (53) and (54)
Our strategy here is similar to that of Section 9 in [11]. By contrast, we work on the level of the
first derivative of the isoperimetric profile, rather than on the level of second derivatives.
Proposition 7.1. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat at
rate τ = 1 and which has non-negative scalar curvature and positive mass. There is a sequence of
isoperimetric regions {ΩVk}∞k=1 as in alternative (a) of Lemma 3.2 such that the boundary of each
ΩVk has the topology of a sphere.
Proof. Suppose not. We know from Proposition 5.7 that for some V0 > 0 the (unique) large
component of every isoperimetric region ΩV of volume V ≥ V0 has boundary ΣV of positive genus.
Moreover, the surfaces ΣV diverge in (M,g) as V →∞. Let HV > 0 denote the mean curvature of
ΣV . Let V > V0 be such that the isoperimetric profile is differentiable at V . Then
A′(V ) = HV and 16π −A′(V )2A(V ) ≤ 16π −H2V area(ΣV ) ≤ 0.
provided that V0 > 0 is sufficiently large. The derivative of the absolutely continuous function
W 7→W − A(W )
3/2
6
√
π
2In fact, one has that
∫
Σ
H
2
dµ ≥ 8pi2 by the solution of the Willmore conjecture by F. Marques and A. Neves [32].
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at such volumes V > V0 equals
1− A
′(V )
√
A(V )
4
√
π
=
1
16π
16π −A′(V )2A(V )
1 +A′(V )
√
A(V )/
√
16π
≤ 0.
In particular,
lim sup
V→∞
2
A(V )
(
V − A(V )
3/2
6
√
π
)
≤ 0
contradicting Theorem C.3. 
Proof of Theorem 1.1 with stronger decay (53) and (54). We consider the canonical foliation
{ΣH : H ∈ (0,H0)}
of M \ C discussed in Appendix . Let ΩH be the compact region bounded by ∂M and ΣH . Using
the above and the results from Appendix A, we see that the set
J = {vol(ΩH) : H ∈ (0,H0) and ΩH is an isoperimetric region}
is closed in (0,H0) and unbounded. Assume that there are non-empty intervals (Lk, Rk) ⊂ R \ J
such that Lk, Rk ∈ J and Lk →∞. Choose a volume Vk ∈ (Lk, Rk) such that A′(Vk) exists. (Such
volumes Vk lie dense in the interval.) Let Ωk be the (unique) large component of an isoperimetric
region of volume Vk and let Σk = ∂Ωk \ ∂M . Note that Σk has positive genus. Let Hk > 0 be its
mean curvature. We have that
A′(Vk) = Hk and 16π −A′(Vk)2A(Vk) ≤ 16π −H2karea(Σk) ≤ 0.
Observe that√
A(Lk)
16π
(
1− A
′+(Lk)2A(Lk)
16π
)
≤ lim
VցLk
√
A(V )
16π
(
1− A
′+(V )2A(V )
16π
)
≤ 0
because the isoperimetric profile is continuous and
lim
VցLk
A′+(V ) ≤ A′+(Lk).
Let H(Lk) ∈ (0,H0) be such that vol(ΩH(Lk)) = Lk. Note that ΣH(Lk) has least area for the volume
it encloses since Lk ∈ J . In particular,
area(ΣH(Lk)) = A(Lk) and A
′+(Lk) ≤ H(Lk) ≤ A′−(Lk)
so that √
area(ΣH(Lk))
16π
(
1− H(Lk)
2 area(ΣH(Lk))
16π
)
≤
√
A(Lk)
16π
(
1− A
′+(Lk)2A(Lk)
16π
)
.
We then have, using (52),
0 < mADM = lim
k→∞
√
area(ΣH(Lk))
16π
(
1− H(Lk)
2 area(ΣH(Lk))
16π
)
≤ lim inf
k→∞
√
A(Lk)
16π
(
1− A
′+(Lk)2A(Lk)
16π
)
≤ 0.
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This contradiction shows that J is connected at infinity. In other words, all sufficiently far out
leaves of the canonical foliation are isoperimetric for the volume they enclose. In particular, the
isoperimetric profile is smooth for all sufficiently large volumes.
The argument above does not by itself show that a far-out leaf of the canonical foliation is
uniquely isoperimetric for the volume it encloses. However, it follows from the regularity of the
profile that any two isoperimetric regions with the same large volume have the same boundary area
and mean curvature. In particular, they have the same positive Hawking mass. (The Hawking mass
approaches mADM as the volume becomes larger.) It also follows that if ΩV is an isoperimetric
region in (M,g) of volume V ≥ V0 where V0 > 0 is sufficiently large whose boundary is not a leaf
of the canonical foliation, then the boundary Σ of the (unique) large component of ΩV has positive
genus. It follows from Lemma 3.1 that Σ is outlying. Proposition 6.2 then implies that√
area(∂ΩV )
16π
(
16π −H(V )2 area(∂ΩV )
) ≤√area(∂ΩV )
16π
(
16π −H(V )2 area(Σ)) ≤ 0,
which is a contradiction. 
8. Mean curvature flow of large isoperimetric regions
Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat at rate τ > 1/2 and
which has non-negative scalar curvature and positive mass mADM > 0.
Let ΩVk be isoperimetric regions of volumes Vk →∞. Let Ωk be the unique large component of
ΩVk . We recall from Section 3 that Ωk is connected with connected outer boundary ∂Ωk \∂M , and
that Ωk is outer area-minimizing in (M,g).
Let {Ωk(t)}t≥0 denote the level set flow with initial condition Ωk. Then Ωk(t) is mean-convex in
the sense of [41, p. 670] by Theorem 3.1 in [41]. Moreover, by Theorem 5.1 in [41], the n-rectifiable
Radon measures
µk(t) = H2⌊∂∗Ωk(t)(44)
define an integral Brakke flow {µk(t)}t≥0 in (M,g).
Lemma 8.1. There is a constant c > 0 depending only on (M,g) so that
area(Bρ ∩ ∂∗Ωk(t)) ≤ cρ2
for all ρ ≥ 1 and j ≥ 1 and t ≥ 0.
Proof. By [41, Theorem 3.5], Ωk(t) is outward area-minimizing in Ωk. Combined with the fact that
Ωk is outward area-minimizing, we see that Ωk(t) is outward area-minimizing in (M,g). The claim
follows from comparison with coordinate spheres. 
We may view µk(t)⌊(M \ K) as a measure on {x ∈ R3 : |x| > 1/2} using the chart at infinity
(1). In fact, consider the map
ηk : R
3 → R3 given by x 7→ x/ρk
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and the rescaled measures
µ˜k(t) = ηk∗
(
µk(ρ
2
k t)⌊(M \K)
)
(45)
on {x ∈ R3 : ρk|x| > 1/2} where ρk > 0 is such that
vol(Ωk) =
4π
3
ρ3k.
Then {µ˜k(t)}t≥0 is a Brakke motion on {x ∈ R3 : ρk|x| > 1/2} with respect to the metric
g˜k(x) =
3∑
i,j=1
gij(ρkx)dx
i ⊗ dxj
on {x ∈ R3 : ρk|x| > 1/2}. As k → ∞, g˜k converges to the standard Euclidean inner product in
C∞loc(R
3 \ {0}). We let Ω˜k be the subset of {x ∈ R3 : ρk |x| > 1/2} such that
Ωk \K ∼= {ρkx : x ∈ Ω˜k}.
We also let Ω˜k(t) be the subset of {x ∈ R3 : ρk|x| > 1/2} such that
Ωk(t) \K ∼= {ρkx : x ∈ Ω˜k(t)}.(46)
By the remarks following Lemma 3.2, there is ξ ∈ R3 such that, upon passing to a subsequence,
Ω˜k → B1(ξ) in C∞loc(R3 \ {0})
as k →∞. Our goal will be to show that ξ = 0.
Proposition 8.2. There is an integral Brakke flow {µ(t)}t≥0 on R3 \ {0} with the following three
properties.
(1) There is a subsequence ℓ(k) of k such that, for all t ≥ 0,
µ˜ℓ(k)(t)⇀ µ(t)
as Radon measures on R3 \ {0}.
(2) For almost every t ≥ 0, there is a subsequence ℓ(k, t) of ℓ(k) such that
Vµ˜ℓ(k,t)(t) ⇀ Vµ(t)
as varifolds above R3 \ {0}.
(3) There is a constant c > 0 so that
µ(t)(Bρ(0)) ≤ cρ2
for all ρ > 0 and t ≥ 0.
Proof. The first two claims follow from T. Ilmanen’s compactness theorem for integral Brakke flows,
Theorem 7.1 in [27]. This result is only stated for sequences of Brakke flows with respect to a fixed
complete Riemannian metric in [27]. However, the same proof as in [27] applies in the present
setting. The quadratic area bounds carry over from Lemma 8.1. 
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In view of Proposition D.5, it is clear now that {µ(t)}t≥0 extends to an integral Brakke flow in
R
3 with initial condition
µ(0) = H2⌊S1(ξ).
Proposition D.6 shows that such a Brakke motion follows classical mean curvature flow – except
possibly for sudden extinction:
µ(t) = H2⌊S√1−4t(ξ)
for all t ∈ [0, T ] where T ∈ [0, 1/4). The particular flow at hand is constructed as the limit of level
set flows. We use spherical barriers to show that the limiting flow cannot disappear suddenly, i.e.
that T = 1/4.
Lemma 8.3. We have that µ(t) = H2⌊S√1−4t(ξ) for all t ∈ [0, 1/4).
Proof. If not, then there is T ∈ [0, 1/4) so that µ(t) = H2⌊S√1−4t(ξ) for t ∈ [0, T ] and µ(t) = 0 for
t > T . We will prove the result for |a| ≥ 1 and leave the straightfoward modification to |a| < 1 to
the reader.
Assume that T = 0. Let ε > 0 be small. Upper semi-continuity of density (cf. [40, Corollary
17.8]) implies that B√1−4ε(ξ) ⊂ Ω˜k(0) = Ω˜k for all sufficiently large k. Using that g˜k converges
to the standard Euclidean inner product in C2loc(R
3 \ {0}) and the avoidance principle for the
level set flow, we see that B√1−9ε(ξ) ⊂ Ω˜k(ε) provided that k is sufficiently large. Recall that
µ˜k(t) = H2⌊∂∗Ω˜k(t). We obtain a contradiction with the assumption that µ˜k(ε) ⇀ µ˜(ε) = 0.
Assume now that T ∈ (0, 1/4). Let 0 < ε < (1 − 4T )/100. Upper semi-continuity of Gaussian
density (cf. [28]) implies that B√1−4T−4ε(ξ) ⊂ Ω˜k(T ) for all k sufficiently large. Arguing as in the
previous case, we see that B√1−4T−9ε(ξ) ⊂ Ω˜k(T + ε). This is a contradiction for the same reason
as before. 
Using B. White’s version [42] of K. Brakke’s regularity theorem [4] for mean curvature flow, we
obtain the following
Corollary 8.4. Let (x, t) ∈ (R3 \ {0}) × [0,∞) with (x, t) 6= (ξ, 1/4). There is a neighorhood
of (x, t) in R3 × R where {Ω˜k(t)}t≥0 defines a classical mean curvature flow with respect to the
Riemannian metric g˜k provided that k is sufficiently large. These flows converge to the shrinking
sphere S√1−4t(ξ) as k →∞ locally smoothly away from the spacetime set {0} × [0,∞) ∪ {(ξ, 14)}.
We define the disconnecting time for the rescaled flow by
T˜ (|ξ|) =


1−|ξ|2
4 |ξ| < 1
0 |ξ| ≥ 1.
Note that the bulk of Ωk(t) is disjoint from the center of (M,g) after time t = ρ
2
k T˜ (|ξ|)(1 + o(1)).
Assume now that ξ 6= 0. Choose ε > 0 such that
100ε < 1− 4T˜ (|ξ|).(47)
We can make this choice such that
tk = ρ
2
k(ε+ T˜ (|ξ|))
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and
Tk = ρ
2
k(1/4 − ε).
are smooth times for all the level set flows {Ωk(t)}t≥0. Indeed, by the work of B. White [41], almost
every time is a smooth time for the individual flows. For every t ∈ [tk, Tk] there is a unique large
component Γk(t) of Ωk(t) by Corollary 8.4. The boundary Σk(t) of Γk(t) is smooth and close to a
Euclidean sphere with radius (ρ2k − 4t)1/2 and center ρkξ in the chart at infinity (1). Moreover, as
k →∞,
area((∂∗Ωk(t)) \ Σk(t)) = o(ρ2k)
vol(Ωk(t) \ Γk(t)) = o(ρ3k).
Recall that the Hawking mass of a closed, two-sided surface Σ ⊂M is defined as
mH(Σ) =
√
area(Σ)
16π
(
1− 1
16π
∫
Σ
H2dµ
)
.
Let
mk = sup
t∈[tk,Tk]
mH(Σk(t)).
Corollary 8.5. We have that
lim
k→∞
mk = 0.
Proof. The surface Σk(t) is geometrically close to the coordinate sphere S√ρ2k−4t(ρka) in the chart
at infinity (1) by Corollary 8.4. The assertion follows from Appendix F. 
We denote by
Am : (0,∞)→ (0,∞)
the isoperimetric profile of Schwarzschild with mass m > 0. Thus, given V > 0,
Am(V ) =
(
1 +
m
2r
)4
4πr2
where r = r(V ) > m/2 is such that
V = 4π
∫ r
m
2
(
1 +
m
2r
)6
r2dr
We denote by
Vm : (0,∞)→ (0,∞)
the inverse of this function. We recall the following expansion obtained from a straightforward
computation in view of H. Bray’s characterization of isoperimetric surfaces in Schwarzschild as
centered coordinate spheres [5, Theorem 8]. The claim that the error term is uniformly bounded
is proven in Lemma 10 of [29].
Lemma 8.6. We have that
Vm(A) =
1
6
√
π
A
3
2 +
m
2
A+O(A
1
2 )
as A→∞. The error is uniform with respect to the parameter m from a given range 0 < m ≤ m0.
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G. Huisken has shown [23, 24] that the quantity
t 7→ − vol(Ωt) + Vm(area(Σt))(48)
is non-increasing along a classical mean curvature flow of boundaries
{Σt = ∂Ωt}t∈(a,b)
provided that m ≥ mH(Σt) and |Σt| > 16πm2 for all t ∈ (a, b).
J. Jauregui and D. Lee [29] have introduced a modification of the level set flow starting from a
mean convex region along which G. Huisken’s monotonicity holds. Their result applies beautifully
to our setting.
For Ω the (unique) large component of a large isoperimetric region in (M,g), we consider the
modified level set flow {Ωˆ(t)}t≥0 with Ωˆ(0) = Ω defined by J. Jauregui and D. Lee in Definitions
24 and 27 of [29]. The modified flow agrees with the original level set flow {Ω(t)}t≥0 except that
components of the original flow are frozen when their perimeter drops below 36π(mADM )
2. J.
Jauregui and D. Lee have shown in Proposition 30 of [29] that G. Huisken’s monotonicity holds
along their modified level set flow. In the statement of their result below, T ≥ 0 as in Lemma 29
of [29] is the time when the flow has frozen up completely.
Proposition 8.7 ([29]). The quantity
t 7→ − vol(Ωˆ(t)) + VmADM (area(∂∗Ωˆ(t)))
is non-increasing on [0, T ].
We return to our previous setting, where each Ωk is the large component of a large isoperimetric
regions and where the rescaled regions Ω˜k converge to B1(ξ) for some ξ 6= 0. We have already seen
that the original level set flow {Ωk(t)}t≥0 with initial condition Ωk(0) = Ωk has the property that —
for t ∈ [tk, Tk] — there is a unique large component Γk(t) of Ωk(t). The boundary Σk(t) = ∂Γk(t)
of this component is smooth. We recall that
tk = ρ
2
k(ε+ T˜ (|ξ|)) and Tk = ρ2k(1/4 − ε)
have been chosen as smooth times for the level set flow {Ωk(t)}t≥0. The surface Σk(t) is close to a
Euclidean sphere of radius (ρ2k − 4t)1/2 with center at ρk ξ in the chart at infinity (1). Consider the
modified flow {Ωˆk(t)}t≥0 of J. Jauregui and D. Lee described above. By what we have just said,
area(Σk(tk)) ≥ 36π(mADM )2
provided that k is sufficiently large. We see that the large components Γk(tk) are not affected by the
freezing that defines the passing from the original to the modified level set flow — their perimeter
is too large. Thus Ωˆk(tk) is the disjoint union Ek(tk) ∪ Γk(tk) where
vol(Ek(tk)) = o(ρ
3
k) and area(∂Ek(tk)) = o(ρ
2
k).(49)
9. Proof of Theorem 1.1 when τ > 1/2
We continue with the notation of Section 8. The strategy of the proof is illustrated in Figure 2.
ISOPERIMETRIC STRUCTURE 23
Proposition 9.1. ξ = 0.
Proof. Assume that ξ 6= 0. We continue with the notation set forth above. Note that
{Σk(t) = ∂Γk(t)}t∈[tk ,Tk]
is a smooth mean curvature flow. In Corollary 8.5 we have seen that the Hawking masses of the
surfaces along this flow are bounded by mk = o(1) as k →∞. By G. Huisken’s monotonicity (48)
for Σk(t) applied with the Hawking mass bound m = mk = o(1), we have that
− vol(Γk(tk)) + 1
6
√
π
area(Σk(tk))
3/2 + o(ρ2k) ≥ − vol(Γk(Tk)) +
1
6
√
π
area(Σk(Tk))
3/2 + o(ρ2k)
where we have also used that
area(Σk(Tk)) = 4ερ
2
k + o(ρ
2
k) ≥ 36π(mk)2
as k →∞. On the other hand, by the sharp isoperimetric inequality (55) for (M,g),
− vol(Γk(Tk)) + 1
6
√
π
area(Σk(Tk))
3/2 ≥ −mADM area(Σk(Tk))
= −16πεmADMρ2k + o(ρ2k).
Combining these two estimates, we obtain
− vol(Γk(tk)) + 1
6
√
π
area(Σk(tk))
3/2 ≥ −16πεmADMρ2k + o(ρ2k).(50)
We now apply Proposition 8.7 to the modified weak flow {Ωˆk(t)}t≥0 between the (smooth) times
t = 0 and t = tk. In the first line below we use that Ωk — as the substantial component of a large
isoperimetric region — almost saturates the sharp isoperimetric inequality (55) on (M,g).
0 =− vol(Ωk) + 1
6
√
π
area(∂Ωk)
3/2 +
mADM
2
area(∂Ωk) + o(ρ
2
k)
≥− vol(Ωˆk(tk)) + 1
6
√
π
area(∂Ωˆk(tk))
3/2 +
mADM
2
area(∂Ωˆk(tk)) + o(ρ
2
k)
=− vol(Γk(tk)) + 1
6
√
π
area(Σk(tk))
3/2
− vol(Ek(tk)) + 1
6
√
π
(
(area(Σk(tk)) + area(∂Ek(tk)))
3/2 − area(Σk(tk))3/2
)
+
mADM
2
area(Σk(tk)) + o(ρ
2
k)
≥− vol(Ek(tk)) + 1
6
√
π
(
(area(Σk(tk)) + area(∂Ek(tk)))
3/2 − area(Σk(tk))3/2
)
+
mADM
2
area(Σk(tk))− 16πεmADMρ2k + o(ρ2k).
The final inequality follows from (49) and (50).
Assume first that area(∂Ek(tk)) = O(1) as j →∞. Then vol(Ek(tk)) = O(1) as well, and
− vol(Ek(tk)) + 1
6
√
π
(
(area(Σk(tk)) + area(∂Ek(tk)))
3/2 − area(Σk(tk))3/2
)
≥ −O(1)
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as j →∞. Thus
area(Σk(tk)) ≤ (8ε+ o(1))4πρ2k .(51)
This contradicts the choice ε > 0 in (47), because
area(Σk(tk)) = (1− 4ε− 4T˜ (|ξ|) + o(1))4πρ2k .
Assume now that area(∂Ek(tk))→∞ as k →∞. Then
vol(Ek(tk)) ≤ 1
6
√
π
area(∂Ek(tk))
3/2 +mADM area(∂Ek(tk))
by the sharp isoperimetric inequality (55). Combining this with the above and (49), we have
0 ≥ 1
6
√
π
(
(area(Σk(tk)) + area(∂Ek(tk)))
3/2 − area(Σk(tk))3/2 − area(∂Ek(tk))3/2
)
+
mADM
2
area(Σk(tk))− 16πεmADMρ2k + o(ρ2k).
Using that
x3/2 + y3/2 ≤ (x+ y)3/2
for all x, y ≥ 0, we arrive again at the contradictory estimate (51). 
Proof of Theorem 1.1. Combining Lemma 3.2 and Proposition 9.1, we see that every sufficiently
large isoperimetric region is connected and close to the centered coodinate ball B1(0) when put to
scale of its volume in the chart at infinity (1). By the uniqueness of large stable constant mean
curvature spheres described in Appendix A, the outer boundary of such an isoperimetric region is
a leaf of the canonical foliation. 
Appendix A. Canonical foliation
In this section, we state results on the existence and uniqueness of a canonical foliation through
stable constant mean curvature spheres of the end of an asymptotically flat Riemannian 3-manifold
(M,g) with positive mass. The generality of the discussion here is tailored to our application in
the proof of Theorem 1.1. In particular, the assumption of non-negative scalar curvature can be
replaced by a stronger decay assumption on the scalar curvature; see the work of C. Nerz [34].
All results discussed below depart from the pioneering work of G. Huisken and S.-T. Yau [26]
and of J. Qing and G. Tian [36] for initial data that is asymptotic to Schwarzschild with positive
mass. We also mention here the crucial intermediate results of L.-H. Huang [21] for asymptotically
even data. We refer to the recent articles [10] by C. Cederbaum and C. Nerz, [22] by L.-H. Huang,
[31] by S. Ma, and [34] by C. Nerz for an overview of the literature on this exceptionally rich subject.
The following uniqueness and existence results are, in the stated generality, due to C. Nerz [34].
Let (M,g) be a Riemannian 3-manifold that is asymptotically flat at rate τ > 1/2 and which has
non-negative scalar curvature and mADM > 0. There are H0 > 0, a compact subset C ⊂ M with
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R
3 \ {0}
ξ
B1(ξ)
∂Ω˜k
×
(a)
R
3 \ {0}
∂Ω˜k
×
ξ
∂E˜k(tk)
Σ˜k(tk)
Σ˜k(Tk)
(b)
R
3 \ {0}
∂Ω˜k
×
ξ
∂E˜k(tk)
Σ˜k(tk)
Σ˜k(Tk)
(c)
Figure 2. We depict here the case where 0 < |ξ| < 1. In (a), a sequence of
large isoperimetric regions Ωk is assumed to limit to B1(ξ) after rescaling. The
convergence is smooth on compact subsets of R3 \ {0}. Here, the origin is denoted
by “×.”
In (b) and (c), we depict boundaries of the (modified) level set flows. We
show that the large component of the level set flow “disconnects.” The large
disconnected component is labeled Σ˜k(tk). It is possible that there are additional
components E˜k(tk) of the modified flow.
In (b), the change of the isoperimetric deficit as the flow sweeps out the
shaded region is estimated by the Hawking mass bound of mADM . On the other
hand, in (c), the lightly shaded region is swept out by surfaces with Hawking mass
bounded by o(1) as k → ∞. This leads to improved estimates for the deficit,
showing that the original region Ωk cannot have been isoperimetric.
When |ξ| = 1, a similar situation occurs, except the flow disconnects from
the origin after a short time (in the rescaled picture). We must wait this short
time before arguing as in (c), so there will be a thin region as in (b) in this case.
If |ξ| > 1, the flow is completely disconnected, so we do not need to consider the
shaded region as in (b).
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B1 ⊂ C, and a diffeomorphism
Φ : (0,H0)× S2 →M \ C
such that
Φ({H} × S2) = ΣH
is a constant mean curvature sphere with mean curvature H > 0 for every H ∈ (0,H0). In the
chart at infinity (1),
(H/2)ΣH → S1(0) = {x ∈ R3 : |x| = 1}
smoothly as H ց 0. We have, by the remark preceding Proposition A.1 in [34], that
mADM = lim
Hց0
√
area(ΣH)
16π
(
1− H
2 area(ΣH)
16π
)
.(52)
Moreover, ΣH is the unique stable constant mean curvature sphere of mean curvature H that is
geometrically close to the coordinate sphere S2/H(0) in the chart at infinity (1).
S. Ma has shown in [31] that under the stronger decay assumption that
|x||α||(∂ασij)(x)| = O(|x|−1) as |x| → ∞(53)
for all multi-indices α of length |α| = 0, 1, 2, 3, 4 (one additional derivative) and
R(x) = O(|x|−3−ǫ) as |x| → ∞(54)
for some ǫ > 0 in the chart at infinity (1), the compact subset C ⊂M above can be chosen so that
each leaf ΣH of the canonical foliation is the only stable constant mean curvature sphere of mean
curvature H ∈ (0,H0) enclosing C.
Appendix B. General properties of the isoperimetric profile
In this section, we recall some useful properties about the isoperimetric profile (4)
A : (0,∞)→ (0,∞)
of an asymptotically flat Riemannian 3-manifolds (M,g) that are used throughout the paper. The
general results about the isoperimetric profile discussed below are established in e.g. [3, 5, 37, 19].
Locally, the isoperimetric profile can be written as the sum of a concave and a smooth function.
In particular, the isoperimetric profile is absolutely continuous and its left and right derivatives
A−(V ), A+(V ) exist at every V > 0, and they agree at all but possibly countably many V > 0.
We have that
lim
WցV
A′+(W ) ≤ A′+(V ) ≤ A′−(V ) ≤ lim
WրV
A′−(W ).
Assume that for some V > 0 there is ΩV ∈ RV with
A(V ) = area(∂ΩV )− area(∂M).
Such isoperimetric regions exist for every sufficiently large volume V > 0 when the mass of (M,g)
is positive by (the proof of) Theorem 1.2 in [17], and for every volume V > 0 when the scalar
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curvature of (M,g) is non-negative by Proposition K. 1 in [8]. The boundary ∂ΩV \ ∂M is a stable
constant mean curvature surface. Its mean curvature H is positive when computed with respect to
the outward unit normal. Moreover,
A′+(V ) ≤ H ≤ A′−(V ).
In particular, the isoperimetric profile is a strictly increasing function. At volumes V > 0 where
the isoperimetric profile is differentiable, the boundaries of all isoperimetric regions of volume V
have the same constant mean curvature.
Appendix C. Sharp isoperimetric inequality
The characterization of the ADM-mass through the isoperimetric deficit of large centered coor-
dinate spheres in Lemma C.1 below was proposed by G. Huisken [23] and proved by X.-Q. Fan, P.
Miao, Y. Shi, and L.-F. Tam as Corollary 2.3 in [18].
Lemma C.1. Let (M,g) be a complete Riemannian 3-manifold that is asymptotically flat. Then
mADM = lim
ρ→∞
2
area(Sρ)
(
vol(Bρ)− area(Sρ)
3/2
6
√
π
)
.
The following result was proposed by G. Huisken [23, 24] and proven in detail by J. Jauregui
and D. Lee as Theorem 3 in [29].
Theorem C.2. Let (M,g) be a complete Riemannian 3-manifold with non-negative scalar curvature
that is asymptotically flat of rate τ > 1/2. Then
mADM (M,g) = miso(M,g)
where
miso(M,g) = sup
{Ωi}∞i=1
lim sup
i→∞
2
area(∂Ωi)
(
vol(Ωi)− area(∂Ωi)
3/2
6
√
π
)
.
The supremum here is taken over all sequences {Ωi}∞i=1 of smooth compact outward area-minimizing
regions that are increasing to M .
We recall from [29] that the inequality
mADM (M,g) ≤ miso(M,g)
follows from Lemma C.1. Note that
miso(M,g) ≤ lim sup
V→∞
2
A(V )
(
V − A(V )
3/2
6
√
π
)
.
We present below a short new proof of the reverse inequality that is based on the behavior of large
isoperimetric regions.
Theorem C.3. Let (M,g) be a complete Riemannian 3-manifold with non-negative scalar curvature
that is asymptotically flat of rate τ > 1/2. Then
mADM = lim
V→∞
2
A(V )
(
V − A(V )
3/2
6
√
π
)
.
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Proof. Lemma C.1 implies that
mADM ≤ lim inf
V→∞
2
A(V )
(
V − A(V )
3/2
6
√
π
)
.
Indeed, for every V > 0, the function
x 7→ 2
x
(
V − x
3/2
6
√
π
)
is decreasing on (0,∞).
For the proof of the reverse inequality, assume first that ∂M = ∅.
Let V > 0 large be such that A′(V ) exists. An isoperimetric region Ω of volume V is connected
with connected, outward area-minimizing boundary Σ of constant mean curvature A′(V ) = H > 0.
Using the work of G. Huisken and T. Ilmanen [25] as stated in Lemma 2.4, we see that√
A(V )
16π
(
1− 1
16π
A′(V )2A(V )
)
=
√
area(Σ)
16π
(
1− 1
16π
H2 area(Σ)
)
≤ mADM .
From this, we compute that(
V − A(V )
3/2
6
√
π
)′
= 1− 1
4
√
π
A′(V )A(V )1/2
=
1− 116πA′(V )2A(V )
1 + 1
4
√
π
A′(V )A(V )1/2
≤ 4
√
πA(V )−1/2
1 + 1
4
√
π
A′(V )A(V )1/2
mADM
Using the remarks following Lemma 3.2, we see that A′(V )
√
A(V ) approaches 4
√
π as V →∞. It
follows that the above expression is bounded above by
1
2
A′(V )mADM(1 + o(1))
as V →∞. Using that the isoperimetric profile is absolutely continuous, it follows that
lim sup
V→∞
2
A(V )
(
V − A(V )
3/2
6
√
π
)
≤ mADM .
In the general case, where ∂M 6= ∅, we work with the (unique) large component of a large isoperi-
metric region instead. The omit the formal modifications of the proof. 
Corollary C.4 (Sharp isoperimetric inequality). Let (M,g) be an asymptotically flat Riemannian
3-manifold with non-negative scalar curvature. Let Ω ⊂M be a compact region. Then
vol(Ω) ≤ area(∂Ω)
3/2
6
√
π
+
mADM
2
area(∂Ω) + o(1) area(∂Ω)(55)
as vol(Ω)→∞.
Appendix D. Extension of a Brakke flow across a point
In this section, we follow the notation, the conventions, and some of the ideas in T. Ilmanen’s
article [27] closely.
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We define an injective map of Radon measures
Mˆ(Rn+1 \ {0}) := {µ ∈ M(Rn+1 \ {0}) : µ(B1(0) \ {0}) <∞} →M(Rn+1)
that extends µ ∈ Mˆ(Rn+1 \ {0}) to a Radon measure µˆ ∈ M(Rn+1) such that
µˆ({0}) = 0.
This map restricts to an injection of integer n-rectifiable Radon measures
Mˆ(Rn+1 \ {0}) ∩ IMn(Rn+1 \ {0})→ IMn(Rn+1)
which in turn lifts to an injection of integer n-rectifiable varifolds
{V ∈ IVn(Rn+1) : µV (B1(0) \ {0}) <∞} → IVn(Rn+1)
which we denote by
V 7→ Vˆ .
The extension of a stationary varifold across a point is not necessarily again stationary.
Example D.1. Let θ1, . . . , θm ∈ R. Consider the rays ℓk = [0,∞) eiθk ⊂ R2. The varifold
V =
⋃m
k=1 |ℓk| is stationary as an element of IM1(R2 \ {0}). It is stationary as an element
of IM1(R2) if and only if eiθ1 + . . .+ eiθm = 0.
This phenomenon in the previous example is particular to dimension n = 1.
Lemma D.2. Let n ≥ 2. There are radial functions χk ∈ C∞c (B1(0)) with 0 ≤ χk ≤ 1 such that
χk(x) = 1 when |x| < 1/(2k2) and χk(x) = 0 when |x| > 1/k and constants ck ց 0 with the
following property. Let µ be a measure on B1(0) \ {0} such that, for come c > 0,
µ(Bρ(0) \ {0}) ≤ cρn(56)
for all 0 < ρ ≤ 1. Then
1
c
∫
|∇χk|2dµ ≤ ck.
Below, we will often work with the functions
ϕk = 1− χk ∈ C∞(Rn+1 \ {0}).(57)
Note that 0 ≤ ϕk → 1 locally uniformly on Rn+1 \ {0} and that, under the assumptions of the
previous lemma,
lim
k→∞
∫
|∇ϕk|2dµ = 0.
We include a proof of the following, well-known result as preparation for Proposition D.5.
Lemma D.3 (Extending stationary varifolds across a point). Let n ≥ 2. Let V be a stationary
n-rectifable varifold on Rn+1 \ {0} such that µV (B1(0) \ {0}) < ∞. The extension Vˆ of V across
the origin is stationary as an n-rectifiable varifold on Rn+1.
Proof. Let ϕk ∈ C∞(Rn+1 \ {0}) be cut-off functions as in (57). Note that (56) holds by the
monotonicity formula for stationary varifolds as stated in (17.5) of [40]. Let X ∈ C1c (Rn+1;Rn+1).
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Then
0 =
∫
Σ
divΣ(ϕkX)dµV =
∫
Σ
ϕkdivΣX dµV +
∫
Σ
X · projTΣ∇ϕk dµV
because V = v(Σ, θ) is stationary in Rn \ {0}. As k → ∞, the first term on the right tends to
(δVˆ )(X), while the second term tends to 0. 
Lemma D.4. Let n ≥ 2. Let V be an n-rectifiable varifold on Rn+1 \ {0} such that
µV (Bρ(0) \ {0}) ≤ cρn
for some c > 0 and all 0 < ρ ≤ 1. Let φ ∈ C∞c (Rn+1) be a non-negative function such that V
is n-rectifiable on {x ∈ Rn+1\ : φ(x) > 0} with absolutely continuous first variation such that∫
φ|H|2dµV < ∞. The first variation of the extension Vˆ of V across the origin is absolutely
continuous on {x ∈ Rn+1 : φ(x) > 0}.
Proof. Let X ∈ C1c ({x ∈ Rn+1 : φ(x) > 0},Rn+1). Let ϕk ∈ C∞(Rn+1 \ {0}) be cut-off functions
as in (57). We compute that
(δV )(ϕk
√
φX) =
∫
ϕk
√
φH ·XdµV ≤
(∫
φ|H|2dµV
) 1
2
(∫
|X|2dµV
) 1
2
≤ C‖X‖L2(µV )
and
(δV )(ϕk
√
φX) =
∫
ϕk
√
φdivΣX dµV +
∫ √
φ(projTΣ∇ϕk) ·X dµV +
∫
ϕk(projTΣ∇
√
φ) ·X dµV
where V = v(Σ, θ). In the last expression, the second term tends to zero by Ho¨lder’s inequality and
the construction of ϕk, while the first term tends to (δVˆ )(X). Finally, by Ho¨lder’s inequality, we
may bound the third term by ‖|∇φ|/φ‖L2(µV )‖X‖L2(µV ). The first quantity here can be bounded
using the estimate in Lemma 6.6 of [27]. Putting these facts together, we find that
|(δVˆ )(
√
φX)| ≤ C‖X‖L2(µV ) = C‖X‖L2(µVˆ ).
This completes the proof. 
We now turn to the situation for Brakke flows.
Proposition D.5 (Extending Brakke flows across a point). Let n ≥ 2. Let {µt}t≥0 be a codimen-
sion one integral Brakke flow on Rn+1 \ {0} such that, for some constant c > 0,
µt(Bρ(0) \ {0}) ≤ cρn
for all t ≥ 0 and 0 < ρ ≤ 1. Then {µˆt}t≥0 is a codimension one integral Brakke flow on Rn+1.
Proof. We use the cut-off functions ϕk ∈ C∞(Rn+1 \ {0}) from (57). Let 0 ≤ φ ∈ C2c (Rn+1).
Recall from Lemma 6.6 in [27] that, on {x ∈ Rn+1 : φ(x) > 0},
|∇φ|2
φ
≤ 2max |∇2φ|.(58)
In a first step, we verify that, for all t ≥ 0,
lim
k→∞
B(µt, ϕ2kφ) = B(µˆt, φ).(59)
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Assume first that B(µˆt, φ) > −∞. Then
−∞ < B(µˆt, ϕ2kφ) = B(µt, ϕ2kφ)
=
∫
{ϕ2kφ>0}
(−ϕ2kφ|H|2 + ϕ2k(projT⊥Σt ∇φ) ·H+ 2ϕkφ(projT⊥Σt ∇ϕk) ·H) dµt(60)
for all k. The sum of the first two terms in (60) tends to B(µˆt, φ) as k → ∞ by dominated
convergence. Using the Ho¨lder inequality and the properties of the functions ϕk, we see that the
third term tends to zero. This verifies (59) when B(µˆt, φ) > −∞.
Assume now that lim infj→∞ B(µt, ϕ2kφ) > −∞. From (60), we see that∫
{x∈Rn+1\{0}:φ(x)>0}
φ|H|2dµt = lim sup
j→∞
∫
{ϕ2kφ>0}
ϕ2kφ|H|2dµt <∞.
Lemma D.4 shows that B(µˆt, φ) > −∞. The claim follows from our earlier computation.
Finally, it is easy to see that limk→∞ B(µt, ϕ2kφ) = −∞ when B(µˆt, φ) = −∞.
Estimating (60) as in §6.7 of [27], we see that
B(µt, ϕ2kφ) ≤
∫
{ϕ2kφ>0}
(
−1
4
ϕ2kφ|H|2 +
1
2
ϕ2k
|∇φ|2
φ
+ 4φ|∇ϕk|2
)
dµt.
In combination with (58) and the uniform mass bounds, we obtain
sup
k
sup
t≥0
B(µt, ϕ2kφ) = C(φ) <∞.(61)
As in [27, §7.2(i)], in conjunction with the Brakke property for {µt}t≥0 this estimate implies that
t 7→ µt(ϕ2kφ)− C(φ)t
is non-increasing. Passing to the limit as k → ∞ and using the uniform mass bounds, it follows
that
t 7→ µˆt(φ)− C(φ)t
is non-increasing.
We now verify that
Dtµˆt(φ) ≤ B(µˆt, φ)
for all t ≥ 0. The argument follows a step of the proof of Theorem 7.1 on pp. 40–41 in [27] closely.
Fix t ≥ 0. We may assume that −∞ < Dtµˆt(φ). Consider times tk ր t and
Dtµˆt(φ) ≤ µˆtk(φ)− µˆt(φ)
tk − t + o(1)
as j →∞. (The case where tk ց t is analogous.) By choosing the indices ℓ(k) to tend to infinity
sufficiently fast, we arrange that
−∞ < Dtµˆt(φ) ≤
µt(ϕ
2
ℓ(k)φ)− µtk(ϕ2ℓ(k)φ)
t− tk + o(1)
as k →∞. Arguing as on p. 40 in [27], we see that there are sk ∈ [tk, t] with
−∞ < Dtµˆt(φ) ≤ B(µsk , ϕ2ℓ(k)φ) + o(1)(62)
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as k →∞. In particular,
lim sup
k→∞
∫
ϕ2ℓ(k)φ|H|2dµsk <∞.
The measures µsk⌊{x ∈ Rn+1 \ {0} : φ(x) > 0} converge to µt⌊{x ∈ Rn+1 \ {0} : φ(x) > 0} as
k → ∞ by the same argument as on p. 41 of [27]. In fact, the associated varifolds converge. It
follows that
lim sup
k→∞
B(µsk , ϕ2ℓ(k)φ) ≤ B(µˆt, φ).
Together with (62) this finishes the proof. 
We remark that Example D.1 shows that there is no analogue of Proposition D.5 when n = 1.
Indeed, stationary varifolds are (constant) Brakke flows.
The following result and its proof should be compared with the Constancy Theorem for stationary
varifolds, as presented in §41 of [40].
Proposition D.6 (Constancy theorem). Let {µt}t≥0 be an integral Brakke flow in R3 such that
µ(0) = H2⌊S1(ξ). There is T ∈ [0, 14) such that µt = H2⌊S√1−4t(ξ) for all t ∈ [0, T ] and µt = 0 for
all t > T .
Proof. The avoidance principle for Brakke flows — as stated in §10.7 of [27] — shows that
suppµt ⊂ S√1−4t(ξ)
for all t ∈ [0, 14 ]. The entropy of S1(ξ) is less than 3/2. The entropy decreases along the Brakke flow
by Lemma 7 of [28]. Using that {µt}t≥0 is an integral Brakke flow, we see that for almost every t ≥ 0
the measure µt has an approximate tangent plane with multiplicity one at x for µt-almost every x.
Thus, for almost every t ≥ 0, there is a measurable subset Σt ⊂ S√1−4t(ξ) with µt = H2⌊Σt.
We claim that Σt —as a varifold with multiplicity one — has absolutely continuous first variation.
Indeed, by §7.2 (ii) in [27], given φ ∈ C∞c (R3) we have that −∞ < Dtµt(φ) for almost every t ≥ 0.
Let φ such that φ(x) = 1 for all x ∈ B2(ξ). Using that Dtµt(φ) ≤ B(µt, φ) for a Brakke motion,
the claim follows.
For every X ∈ C1c (R3,R3), we have that
(δµt)(X) =
∫
S√1−4t(ξ)
χΣtdivS√1−4t(ξ)X ≤ c1
( ∫
S√1−4t(ξ)
|X|2
)1/2 ≤ c2 sup
S√1−4t(ξ)
|X|.
It follows that the perimeter of Σt as a subset of S√1−4t(ξ) vanishes. The Poincare´ inequality (as in
Lemma 6.4 of [40]) shows that either Σt or its complement in S√1−4t(ξ) is a set of 2–dimensional
measure zero. We have thus shown that for almost every t ≥ 0, either µt = H2⌊S√1−4t(ξ) or
µ(t) = 0.
By §7.2 (ii) of [27], we have that
lim
tրs
µs(φ) ≥ µs(φ) ≥ lim
tցs
µt(φ)
for all φ ∈ C∞c (R3) and all s ≥ 0. This finishes the proof. 
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Appendix E. Geometry in the asymptotically flat end
Consider a Riemannian metric
g =
3∑
i,j=1
gijdx
i ⊗ dxj where gij = δij + σij
on {x ∈ R3 : |x| > 1/2} where
|x||σij |+ |x|2|∂kσij | = O(|x|−τ ) as |x| → ∞
for some τ > 1/2. We denote the Euclidean background metric by
g =
3∑
i,j=1
δijdx
i ⊗ dxj .
Let Σ be a two-sided surface in {x ∈ R3 : |x| > 1/2}. The unit normal, the second funda-
mental form, the trace-free second fundamental form, the mean curvature (all with respect to the
outward pointing unit normal), and the induced surface measure of Σ are denoted by ν, h, h˚,H,
and µ respectively. These geometric quantities can also be computed with respect to the standard
Euclidean metric g in the chart at infinity (1). To distinguish these Euclidean quantities from those
with respect to the curved metric, we denote them using an additional bar: ν, h, h˚,H, and µ.
A standard computation as in e.g. [25, p. 418] shows that we can compare geometric quantities
with respect to the curved metric g and the Euclidean background g metric according to
ν(x)− ν(x) = O(|x|−τ ),(63)
h(x)− h(x) = O(|h(x)||x|−τ ) +O(|x|−1−τ ),(64)
H −H(x) = O(|h(x)||x|−τ ) +O(|x|−1−τ ),(65)
h˚(x)− h˚(x) = O(|h(x)||x|−τ ) +O(|x|−1−τ ).(66)
Appendix F. Hawking mass of outlying spheres
We continue with the notation of Appendix E. Let δ > 0.
We consider a closed surface Σ in the chart at infinity (1) that is geometrically close to a
coordinate sphere Sρ(a) with |a| > (1 + δ)ρ and ρ > 1 large. More precisely, we ask that the
rescaled surface
ρ−1 Σ = {ρ−1 x : x ∈ Σ}
is C2 close to the boundary of a unit ball in {x ∈ R3 : |x| > δ}. We claim that
mH(Σ) = o(1)
as ρ → ∞. To see this, we follow the strategy of G. Huisken and T. Ilmanen in their proof of
the “Asymptotic Comparison Lemma 7.4” in [25]. We use the positivity of a term dropped in [25]
in conjunction with estimates of C. De Lellis and S. Mu¨ller [14] to handle an additional technical
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difficulty brought about by our weaker decay assumptions τ > 1/2. All integrals below are with
respect to the Euclidean background metric, unless explicitly noted otherwise.
Let r > 0 so that
area(Σ) = 4πr2.
Clearly, r and ρ are comparable. Following G. Huisken and T. Ilmanen [25, (7.11)], we compute
16π −
∫
Σ
H2dµ = 16π −
∫
Σ
H
2
+
∫
Σ
(
−1
2
H2 trΣ σ + 2Hg(σ, h) −H2σ(ν, ν) + 2H trΣ(∇ ·σ)(ν, · )−H trΣ∇νσ
)
dµ
+O
∫
Σ
|σ|2|h|2 +O
∫
Σ
|∂σ|2.
The error terms are both O(r−2τ ), since∫
Σ
|h|2dµ = O(1).
By the Gauss equation and the Gauss–Bonnet formula,
16π −
∫
Σ
H
2
= −2
∫
Σ
|˚h|2.
Using this in the above equation and computing as in [25, p. 420], we arrive at
16π −
∫
Σ
H2dµ = −2
∫
Σ
|˚h|2 + 1
r
∫
Σ
(H trΣ σ − 2Hσ(ν, ν) + 4 trΣ(∇ ·σ)(ν, · )− 2 trΣ∇νσ) dµ
+O
∫
Σ
|H − 2/r|(H|σ| + |∂σ|) +O
∫
Σ
H |˚h||σ| +O(r−2τ ).
Finally, integrating by parts as in Huisken–Ilmanen (7.15), we find∫
Σ
2 trΣ(∇ ·σ)(ν, · )dµ =
∫
Σ
(2Hσ(ν, ν)−H trΣ σ) dµ+O
∫
Σ
|˚h||σ|
so that
16π −
∫
Σ
H2dµ = −2
∫
Σ
|˚h|2 +O
∫
Σ
|H − 2/r|(H|σ| + |∂σ|) +O
∫
Σ
H |˚h||σ|+O(r−2τ )
+
2
r
∫
Σ
(tr(∇ ·σ)(ν, · )− tr∇νσ) dµ.
Using that the scalar curvature is integrable and that Σ is outlying and divergent as r → ∞, we
see that the “mass integral” on the second line is o(r−1). Using (65) and the (trivial) estimate
|h(x)| = O(r−1), we may rewrite the above expression as
16π −
∫
Σ
H2dµ
= −2
∫
Σ
|˚h|2 +O
∫
Σ
|H − 2/r|(|σ|/r + |∂σ|) +O
∫
Σ
H |˚h||σ|+O
∫
Σ
(|σ|/r + |∂σ|)2 + o(r−1)
It is clear that this additional error term is o(r−1). Simplifying, we find
16π −
∫
Σ
H2dµ = −2
∫
Σ
|˚h|2 +O
(
r−1−τ
∫
Σ
|H − 2/r|
)
+O
(
r−1−τ
∫
Σ
|˚h|
)
+ o(r−1)
ISOPERIMETRIC STRUCTURE 35
Using now that |˚h(x)| = |˚h(x)|+O(r−1−τ ) by (66), we obtain
16π −
∫
Σ
H2dµ = −2
∫
Σ
|˚h|2 +O
(
r−1−τ
∫
Σ
|H − 2/r|
)
+O
(
r−1−τ
∫
Σ
|˚h|
)
+ o(r−1).
Using Ho¨lder’s inequality, we find
16π −
∫
Σ
H2dµ ≤ −
∫
Σ
|˚h|2 +O
(
r−1−τ
∫
Σ
|H − 2/r|
)
+ o(r−1).
Using now the estimate ∫
Σ
(H − 2/r)2 ≤ c
∫
Σ
|˚h|2(67)
due to C. De Lellis and S. Mu¨ller [14] where c > 0 is a universal constant, it follows that
O
(
r−1−τ
∫
Σ
|H − 2/r|
)
≤
∫
Σ
|˚h|2 +O(r−2τ ).
Thus
16π −
∫
Σ
H2dµ ≤ o(r−1) or, equivalently, mH(Σ) = o(1)
as r→∞.
Remark F.1. Since Σ is geometrically close to Sρ(a) it is in particular convex. There are two
alternative proofs of (67) in this case. One is due to G. Huisken and uses inverse mean curvature
flow of mean-convex, star-shaped regions in R3 — see Theorem 3.3 in [35]. A second proof is due
to D. Perez [35, Theorem 3.1], who proves (67) for convex hypersurfaces in Rn+1 and proceeds via
integration by parts with an appropriately chosen solution to the Poisson equation.
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